In this paper, we prove the Hyers-Ulam stability of the functional equation
Introduction
In 1940, Ulam proposed the general Ulam stability problem (see [1] ):
Let G 1 
be a group and let G 2 be a metric group with the metric d(·, ·). Given ε > 0, does there exist a δ > 0 such that if a mapping h : G 1 → G 2 satisfies the inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G 1 then there is a homomorphism H : G 1 → G 2 with d(h(x), H(x)) < ε for all x ∈ G 1 ?
In 1941, this problem was solved by Hyers [2] in the case of Banach spaces. Thereafter, numerous authors [3] [4] [5] [6] [7] studied the problem in various spaces.
In this paper, let X and Y be real vector spaces. If an additive mapping σ : X → X satisfies σ(σ(x)) = x for all x ∈ X, then σ is called an involution of X. For a mapping f : X × X → Y, consider the functional equation:
where σ, τ are involutions. The functional equation 2) corresponds to σ = τ = I. In 2007, Bae and Park [8] introduced the functional equation:
The functional equation (1.3) corresponds to σ = τ = −I. In 2018, Bae and Park [9] obtained the following. 
Putting φ(x, y, z, w) = δ for all x, y, z, w ∈ X in [9, Theorem 4], we obtain the following theorem.
Theorem 2. Let Y be a Banach space. Let f : X × X → Y be a mapping such that
Then there exists a unique mapping F :
for all x, y ∈ X.
Main results
In this section, we investigate the Hyers-Ulam stability for the equation (1.1).
Theorem 3. Let δ > 0 and let Y be a Banach space. Let f : X × X → Y be a mapping such that
for all x, y, z, w ∈ X. Then there exists a unique mapping F : X × X → Y satisfying (1.1) and
Proof. Letting y = x and w = z in (2.1), we get
for all u, v ∈ X. For some n ∈ N, assume that
for all x, z ∈ X. From (2.3), the inequality (2.5) is true for n = 1. By (2.3), (2.4) and (2.5), we obtain
for all x, z ∈ X. Hence the inequality (2.5) is true for all n ∈ N.
Define
for all x, z ∈ X and all n ∈ N. By (2.3) and (2.4), we have
for all x, z ∈ X and all n ∈ N. For given integers l, m (0 ≤ l < m), we get
for all x, z ∈ X. By (2.6), the sequence {fn(x, z)} is a Cauchy sequence for all x, z ∈ X. Since Y is complete, the sequence {fn(x, z)} converges for all x, z ∈ X.
for all x, z ∈ X. By (2.1), we have
for all x, y, z, w ∈ X and all n ∈ N. Letting n → ∞, we see that F satisfies (1.1). Setting l = 0 and taking m → ∞ in (2.6), we can obtain the inequality (2.2). Assume that there exist two mappings F i : X → Y(i = 1, 2) satisfying (1.1) and (2.2). Suppose that for all x, z ∈ X for some n ∈ N. Setting y = x, w = z in (1.1), we obtain (2.7) for n = 1. 
